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Abstract 

We introduce the surface term for quasitopological gravity in order to make the variational 
principle of the action well-defined. We also introduce the charged black branes of quasitopological 
gravity and calculate the finite action through the use of the counterterm method. Then we 
compute the thermodynamic quantities of the black brane solution by use of Gibbs free energy 
and investigate the first law of thermodynamics by introducing a Smarr-type formula. Finally, we 
generalize our solutions to the case of rotating charged solutions. 
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I. INTRODUCTION 



The AdS/CFT conjecture or its stronger version gauge/gravity duality provides a new 
framework to holographic study of quantum field theory in the nonperturbative regime. Ac- 
cording to this duality, the Einstein gravity in the bulk spacetime corresponds to a gauge 
theory with a large number of colors N c and large 't Hoof coupling A living on the boundary. 
Indeed in principle, one can use the dictionary of duality and obtain information on one side 
by performing computation on the other side [lj. Recently, it has been shown that one can 
describe strongly coupling phenomena in QCD, condense matter physics and superconduc- 



tivity by performing gravity calcu 
condense matter physics, see Ref. 



ations. For an interesting review on application in the 
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The gauge/gravity duality for Einstein gravity with a two-derivative bulk action only 
works for large N c and large A limit. On the other hand, the coupling constants in the 
gravity side relate to central charges in the field theory. Thus, Einstein gravity does not 
have enough free parameters to account for the ratios between central charges and therefore 
it is only dual to those conformal field theories for which all the central charges are equal. 
In order to extend the regime of validity to the case of finite A and finite N c , or field theories 
with different ratios between central charges, one should add higher curvature terms or 
higher derivative terms with more coupling constants within a perturbative framework to 
action {3, 4|. The first-step generalization is to add the Gauss-Bonnet term to the gravity 
action. But the Gauss-Bonnet gravity has only one such a coupling constant so the range 
of its dual theories is limited. In order to extend the duality to new classes of field theories, 
one can consider terms with higher order curvature interactions such as the third order 
Lovelock term {3, 5]. Although the equations of motion of third order Lovelock gravity are 
second-order differential equations, the third order Lovelock term has no contribution to the 
field equation in six or lower dimensional spacetime and therefore it is useless for studying 
field theories in four dimensions. Recently, a new toy model for gravitation action has been 
proposed which includes cubic curvature interactions and has contribution in five dimensions 
6|, [7|. The equations of motion of this theory are second-order differential equations when 
the metric is spherically symmetry. As in the case of third order Lovelock gravity, the cubic 
term vanishes in six dimensions. Although this property of Lovelock gravity is due to a 
topological origin of Euler density in six dimensions, this property of the new theory does 
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not have a topological origin |6j. Hence, this theory is known as quasitopological gravity. 
The black hole solutions and holography study of this toy model have been investigated in 
Refs. [3, Is | . 

It is known that the Einstein-Hilbert action does not have a well-defined variational 
principle, since one encounters a total derivative that produces a surface integral involving 
the derivative of the variation of the metric normal to the boundary. To cancel this normal 
derivative terms one has to add a surface term to action [9]. Also in the framework of the 
path integral formalism of quantum gravity, the necessity of adding the surface term has 
been emphasized [lo| . Furthermore, surface terms should be known when one likes to study 
the general relativity in the Hamiltonian framework [ll]. These reasons provide a strong 
motivation for introducing the surface terms in higher curvature gravity such as Lovelock 
gravity or quasitopological gravity. The suitable surface term for Lovelock gravity in all 
orders has been introduced in jl2|. Here, the main aim of this paper is to introduce surface 
terms for quasitopological gravity in order to have a well-defined variational principle in 
the case of spacetimes with flat boundary. We also present the static and rotating charged 
black branes of quasitopological gravity and investigate their thermodynamics. To obtain 
the conserved quantities of the solutions, we use the counterterm method. This is due to the 
fact that, as in the case of Einstein gravity, the action and conserved quantities diverge when 
the boundary goes to infinity. We will introduce a counterterm to deal with these divergences 
for spacetimes with flat boundary. Since all curvature invariants of the boundary are zero, 
the only possible boundary counterterm is one proportional to the volume of the boundary 
regardless of the number of dimensions {is) ]. 

The outline of our paper is as follows. In Sec. [Hi we give a brief review of the quasitopo- 
logical gravity and review the surface terms of the Einstein and Gauss-Bonnet gravities. 
Then we introduce the surface term of quasitopological gravity for spacetimes with flat 
boundary. In Sec. 1111} we introduce asymptotically AdS charged black branes of quasitopo- 
logical gravity and investigate the thermodynamic properties of these solutions by using the 
relation between on shell action and Gibbs free energy. Section |IV] is devoted to the gener- 
alization of our static charged solutions to the case of rotating charged solutions. We also 
study the thermodynamic properties of charged rotating black branes. Finally, we finish our 
paper with some closing remarks. 
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II. QUASITOPOLOGICAL GRAVITY AND SURFACE TERM 



The action of quasitopological gravity in (n + 1) dimensions with negative cosmological 
constant A = —n(n — l)/2/ 2 in the presence of the electromagnetic field may be written as 

1 f , rn(n-l) „ A/ 2 



d n+v x^g{ y 79 ' + R + — -C 2 



16tt J m v y I I 2 (n-2)(n-3) 

;4 



(n-2)(n-5)(3n 2 -9n + 4) 3 4 ^ /' 



(1) 

where i 7 ^ = <9^ A, — c^A^ is the electromagnetic tensor field and is the vector potential. 
The first and second terms are the well-known cosmological constant and the Einstein-Hilbert 



action, the third term is the Gauss-Bonnet term 



C 2 = R^ S R^ S - AR^R^ + R\ (2) 
and the fourth term is the quasitopological term 

^ " *t * K (2n-l)(n-3)l 8 * 

-3(n - l^^i^i^ + 3(n + l)R^ & R^ R vS 

+6(n - l)R» v R^W - 3{3n ~ 1] RR, U R^ + ^±^ 3 }. (3) 



One should note that our coupling constant jj, is — jj, of Ref. p]. Indeed, this term has 
no contribution to field equations in six or less than five-dimensional spacetimes. But, in 
contrast to the Lagrangian of third order Lovelock gravity [14] which has no contribution 
to the field equations in five dimensions, this term contributes to the field equation in five 
dimensions. The field equations of quasitopological gravity are second-order differential 
equations only for the case of static metric. 

Gibbons and Hawking have mentioned that the Einstein-Hilbert action (with A = fi = 0) 
does not have a well-defined variational principle, since one encounters a total derivative 
which produces a surface integral involving the derivative of variation of metric normal to 
the boundary, d r 5g^ v . Such terms, which make the variation of action ill defined, should 
cancel by some surface terms which only depend on the geometry of boundary. In fact, the 
normal derivative terms can be canceled by the variation of Gibbons-Hawking surface term 

3 

I® = i- / <Pxy/=yK (4) 



8tt 



dM 



where 7<j& is induced metric on the boundary dM. and K is the trace of extrinsic curvature 
of the boundary. Therefore, any generalization of Einstein- Hilbert action needs similar but 
much more complicated surface terms. However, the surface terms which make the variation 
of action of Lovelock gravity well-defined are known [12]. This surface term for the case of 



Gauss-Bonnet gravity -with ji = in the action (JTJ- is ifp + lf 2 \ where if® is [12] 



6 SWaM V 1 \(n-2)(n-3) V ab J J w 

In Eq. (JSJ) Cr^ is the n-dimensional Einstein tensor of the metric 7^, and J is the trace of 

J ah = ~ (2KK ac K c b + K cd K cd K ab - 2K ac K cd K db - K 2 K ab ). (6) 

Now, we want to present the surface terms which make the variation of the action of 
quasitopological gravity (CQ) well defined. By using the similarity of quasitopological gravity 
and third order Lovelock gravity, we introduce a surface term which makes the action ([TJ 
well defined. For simplification, we restrict our consideration to the case of spacetimes with 
flat boundary, i.e. R a bcdi.l) = 0. Therefore, we suggest a surface term with a combination 
of fifth order terms in extrinsic curvature as 



b 8nJ dM V '1571(71 -2)(n- l) 2 (n-5) 1 

+a 2 K 3 K ab K ab + a^K ab K ab K c d K d e Kt + a 4 KK b K b K d K d 



+a,KK a b K b c K c d K d a + a 6 K^K b K c d K d K e a + a 7 K 2 K a b K b Kl) } (7) 

We can fix the unknown coefficients a« such that all normal derivative of 5g^ u of quasitopo- 
logical term are canceled by the variation of I b . Since the quasitopological gravity gives 
second-order differential equations only for the case of static solutions, we present I b for 
the static metric. The (n+l)-dimensional static metric with a flat boundary may be written 

as 

ds 2 = -g(r)dt 2 + ^- )+ r* |>, 2 . (8) 

Substituting the metric (jU) in the action (CQ) and integrating by parts, we can choose a^'s such 
that the variation of action becomes well defined. One encounters with only five equations 
for the seven unknown coefficients, c^'s. So, one can set two of them to zero, which we choose 
them to be a§ = a-j = 0. It is worth noting that the value of total action is independent of 
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our choice. The values of aj's may be obtained as 



cti — n, (%2 = —2, as = 4(n — 1), 

a 4 = — n(5n — 6), a 5 = {n — l)(5n — 6). (9) 

In general I = Iq + + -f^ 2 "* + i& * s divergent when evaluated on solutions. One way of 
eliminating such divergence terms is through the use of the background subtraction method 



15] . However for asymptotically AdS solutions, one can instead deal with these divergences 
by using the counterterm method inspired by AdS/CFT correspondence. In this method 
the divergence terms are removed by adding a counterterm action I ct which depends on 
the boundary curvature invariants. The suitable counterterm for quasitopological gravity is 
unknown. However, for the case of spacetimes with flat boundary R a bcd{l) = 0, one can add 
a term proportional to the volume of the boundary: 



n 



ht = -7T- / <TV=7 (10) 



^ JdM L C S 

where L eS is a scale length factor that depends on /, and A. Of course, L eff must reduce 
to I as fi and A go to zero. 



III. THERMODYNAMICS OF CHARGED BLACK BRANES 

Here, we investigate the thermodynamics of static charged solutions of quasitopological 
gravity by the counterterm method introduced in the last section. Since we are assuming 
spherical symmetry, we can obtain the one-dimensional action. Using the static metric (IE]) 
with g(r) = N 2 (r)f(r) and 

K = Kr)% (11) 

for the vector potential, after integration by parts, the one-dimensional action may be written 

as 

I o = ^J m ^ {^N(r)[r n - 6 (-^f + A/Vf - r 4 / 2 / + r 6 )]' + ^y^ 2 } (12) 

where prime denotes the derivative with respect to r. Varying the action with respect to 
/(r) yields 

1-2a£/ W + 3^/V))^=0, (13) 
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which shows that N(r) should be a constant which we set equal to 1. Varying the action 
with respect to h(r) and substituting N(r) = 1 gives 

rh" + (n- l)ti = 0, (14) 

which has the solution 

h(r) = -J^^-S-. (15) 

After varying the action f fT2|) with respect to N(r), substituting N(r) = 1 and using Eq. 
(|T5l) . one obtains 

l-* + » 2 -M* 3 = ^-^y, (W) 
where \l/(r) = l 2 r~ 2 f(r) and m is an integration constant. The three roots of cubic Eq. ( !T6|) 
are 

fi(r) = + « + 

„ 2 



A 1, _ u , a/3, 

, . (a + ua ) ± — 

/ 2 3/i 2 v ; 2 



/ 2l3 (r) = ^ — --(aHa 4 )± ^_( a _ wa -i)^ (1 8 ) 



where 



M = ^^TT^ a=(^ + v / ^^) , (19) 



A^3/i _ ^ , - 1 • 

9// 

2A 3 - 9/iA 1 ^ ml 2 q 2 l 2 . 
U = -^4^ + 2^ (1 ~ — + ^) } - (20) 

All of the three roots could be real in the appropriate range of \i and A js]. For example one 

can rewrite the last two solutions as 

/2,s(r) = £ + fcos | ± V3sin f) 1 , (21) 



/ 2 [3fi 

where cos 9 = vu~ 3 / 2 and sin.9 = y/u 3 — v 2 u~ 3 ^ 2 . The second and third solutions are real 
provided u 3 > v 2 . In the following, we will consider only the first solution fi(r), which is 
real every where provided u 3 < v 2 . This condition reduces to 

/^-^{l-(l-3A) 3 / 2 }, (22) 

which can be satisfied provided A < 1/3. 

One can obtain the temperature of the event horizon by the standard method of analytic 
continuation of the metric as 



FIG. 1: f(r) vs r for n = 4, I = 1, A = 0.2, /z = 0.03, m = 0.3, q > g ex t, 9 = feet an d g < feet from 
up to down, respectively. 



where r + is the outer horizon radius which is the largest real root of r+ n ~ 2 — ml 2 r™~ 2 + q 2 l 2 = 
0. The solution given in Eq. (117j) presents a black hole with two horizons provided q < g ex t, 
an extreme black hole for q = q ext and a naked singularity if q > q ext , where (see Fig. [Q 



The electric potential $, measured at infinity with respect to the horizon, is defined by 

y 

^ = A^t 1 ly._j.oo —A^^ \ r =r+i (24) 

where £ M is the null generator of the horizon. For our static case, £ M = <5f and therefore one 
obtains 

We calculate entropy, electric charge and mass of this black hole through the use of 
Gibbs free energy. Following (9], one can identify the Gibbs free energy function G with the 
Euclidean action times the temperature, G = TIe- The finite total action, Je = I g + lb + -f c t 
may be found through the use of the counterterm method introduced in the last section. 
Straightforward calculations shows that the total Euclidian action is finite provided one sets 
L eS in Eq. fflOl) equal to 



S 



L, 



eff 



where *ioo = lim r 



3m*L- 5^*ioo + !5*ioo + 15" 
\[ / i(r). The finite action per volume is calculated as 

,_„ , ^ 



16tt/ 2 



„n-2 



)• 



(26) 



(27) 



Now using Eqs. ( 1231) and (12 5j) . the Gibbs free energy per unit volume in terms of the intensive 
quantities T and $ may be written as 



G(T, $) 



rl + 



n 



2/F.2 ri-2 



2{n-l 



16tt/ 2 

where r + in terms of temperature and electric potential is 

2tt/ 2 



-T + 2 



n 



n 2 l* 2 (n-2) 2 l 2 . 



]n(n — 1) 



1/2 



(28) 



(29) 



The entropy, charge, and energy per volume of charged black brane may be calculated as 

1 

(31) 



T 



M 



G + TS + &Q 



_ r «-i 
4 + ' 

V / 2(^-l)( 

167T 

n — 1 



■9, 



167T 



-m 



(32) 



One may note that the entropy density obtained in Eq. ( 1301) is in agreement with the entropy 
density calculated in Ref. Also, the charge density of Eq. (|3T|) is the same as the value 
that can be calculated by use of the Gauss law. 

One can also find a Smarr-type formula for energy density as a function of S and Q: 



M{S,Q) 



n — 1 

Til 2 



S 2 + 



272 



-Q 2 



(45) 



(2-n)/(n-l) 



(33) 



(n - l)(n - 2) 

Now one may regard the parameters S and Q as a complete set of extensive parameters 
for the energy density M(S, Q) and define the intensive parameters conjugate to S and Q. 
These quantities are the temperature and the electric potential: 



T 



dM 



dM 
~dQ 



(34) 



It is a matter of straightforward calculation to show that the intensive quantities calculated 
by Eq. (134|) coincide with Eqs. ( )23|) and (T25]) found previously. Thus, the thermodynamic 
quantities calculated in this section satisfy the first law of thermodynamics: 



dM = TdS + $dQ. 



(35) 
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IV. (n + l)-DIMENSIONAL CHARGED ROTATING BLACK BRANES 



In this section we like to endow our charged static solution with a global rotation. The 
rotation group in n dimensions is SO(n) and therefore the number of independent rotation 
parameters is [n/2], where [x] is the integer part of x. The metric of a D-dimensional 
asymptotically AdS rotating solution with k < [n/2] rotation parameters whose constant 
(i, r) hypersurface has zero curvature may be written as 1t| 

2 _ u 



ds* 



1=1 



-N(r) 2 f(r) ( Edt - ) + (a»di - El 2 dfa) 



dr 2 r 2 



i=l 
n-l 



f(r) I 2 



- -w^io-id^j - ajdfa) 2 + r 2 ^ 



i<j 



=fc+l 



=2 



fe 2 
/2 ' 



(36) 



where the angular coordinates are in the range < fa < 2n. The periodic nature of fa 
allows the metrics (jHJ) and (136]) to be locally mapped into each other but not globally, and 
so they are distinct [18]. Also the gauge potential for this solution is given by 

k 



A, 



2(n-l) q 
n - 2 r n ~ 2 



Zdt-^2> 



(37) 



i=l 



Now, we investigate the thermodynamics of rotating charged black branes. The temper- 
ature of the event horizon is given by 

1/2 



where £ is the Killing vector 



£ = $ + X)fiify 

8=1 



(38) 



(39) 



and Qi is the angular velocity of the Killing horizon given as 



a = - 



9t& 
9<{>i4>i 



r=r_|_ 



eg 



(40) 



Using Eqs. p^ - (l40j) . one obtains 



T = (3~ l 



f'(r+) n — q 2 l 2 {n — 2)r 



„2-2n 



(41) 
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The electric potential $ can be calculated by use of Eqs. ( 1241) and (|39|) as 



= JVPZH-!^. (42) 

Again, one may obtain the finite action per volume through the use of the counterterm 
method as 

'—tLt^ + ^ < 43 > 

Now using Eqs. (|40l) . ( l4Tj) and |4*2|) . the Gibbs free energy per unit volume in terms of the 
intensive quantities T, $ and fl^s may be written as 

1 ' ' J 16tt/ 2 V + 2(n-l)(l-Z 2 2 ) + /' 1 ] 

where the horizon radius in term of the intensive quantities T, $ and Q^s is 



r+ = (l-l 2 n 2 )- 1 / 2 {—T + 2 



n 



7T 2 / 4 „ (n-2) 2 / 2 ' 
n 2 872(72 — 1) 



1/2" 



(45) 



Now entropy, charge and energy per volume of rotating charged black brane may be calcu- 
lated as 

\dttiJ T ^ 16tt 

fc 1 

M = G + TS + $Q + V^Ji = — (nH 2 - l)m. (49) 

^— ' lo7r 
i=i 

V. CONCLUDING REMARKS 

The action of quasitopological gravity does not have a well defined variational principle, 
and therefore one needs to add a surface term in order to cancel the derivative of the 
variation of the metric normal to the boundary Also, one needs to know the surface terms 
in the framework of the path integral formalism of quantum gravity, or if one likes to study 
the general relativity in Hamiltonian framework. Motivated by these facts, we introduced 
the surface term that makes the variation of the action well-defined. We also introduced 
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the counterterm to deal with the divergences that appeared in the action and calculated 
the finite action through the use of the counterterm method. Obtaining the finite action, 
we presented the Gibbs free energy of static charged black branes as a function of the 
intensive thermodynamic quantities, temperature, and electric potential. We calculated 
the thermodynamic quantities S, Q and energy densities of the solution through the use 
of Gibbs free energy and found that these quantities coincide with their values calculated 
by the geometrical method. We also showed that these quantities satisfy the first law of 
thermodynamics by obtaining a Smarr-type formula for energy density as a function of 
entropy and charge densities. 

Next, we generalized the static charged solutions to rotating charged solutions and cal- 
culated all the conserved and thermodynamic quantities of these black brane solutions. One 
may use the boundary term introduced in this paper to consider the thermodynamics of the 
Lifshitz black brane of quasitopological gravity introduced in jl9|. 
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